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Abstract 

A unique and distinguishing feature of smooth hyperboUc non-invertible maps is that of 
having different unstable directions corresponding to different prehistories of the same point. In 
this paper we construct a new class of examples of non-invertible hyperbolic skew products with 
thick fibers for which we prove that there exist uncountably many points in the locally maximal 
invariant set A (actually a Cantor set in each fiber), having different unstable directions corre- 
sponding to different prehistories; also we estimate the angle between such unstable directions. 
We discuss then the Hausdorff dimension of the fibers of A for these maps by employing the 
thickness of Cantor sets, the inverse pressure, and also by use of continuous bounds for the 
preimage counting function. We prove that in certain examples, there are uncountably many 
points in A with two preimages belonging to A, as well as uncountably many points having only 
one preimage in A. In the end we give examples which, also from the point of view of Hausdorff 
dimension, are far from being homeomorphisms on A, as well as far from being constant-to-1 
maps on A. 
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1 Introduction 

In this paper we study the chaotic dynamics of a class of non-invertible maps which are hyperbolic on 
their basic set of saddle type. The dynamics of non-invertible maps (or endomorphisms) is different 
than that of diffeomorphisms due to possible complicated overlappings and to the fact that the 
number of preimages of a given point that remain in the respective basic set may vary. Hyperbolicity 
over a compact invariant set A can be defined for non-invertible smooth maps f : M ^ M (where 
M is a manifold), as the continuous uniform splitting (^12j) of the tangent space T^M into a 
stable subspace and an unstable subspace £"1 for x S A, where x denotes a prehistory of 
X (i.e a sequence of consecutive preimages of x belonging to A) and A is the space of all such 
sequences. This implies that, unlike in the case of diffeomorphisms, where the local unstable 
manifolds form a foliation, in the non-invertible case there may pass a priori several unstable 
manifolds through a given point of A. However it is a difficult problem to distinguish between 
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unstable directions corresponding to different prehistories, and there are few actual examples of 
such hyperbolic endomorphisms for which several unstable manifolds pass through a given point. 
One such example of an Anosov endomorphism was studied in [11], where also other properties of 
Anosov endomorphisms were given; in fact for any arbitrary fixed point x from the torus T™, it was 
proved that there exists an endomorphism /, obtained as a perturbation of an algebraic hyperbolic 
endomorphism of T*", so that there exists infinitely many local unstable manifolds of / through x. 

In our paper we propose a way of obtaining endomorphisms with a new type of strange be- 
haviour, namely they are far from being homeomorphisms (do not have an Open Set Condition- 
type behaviour), and also far from being constant-to-one; this happens both from the point of 
view of preimages, and from the point of view of Hausdorff dimension. We study hyperbolic non- 
invertible skew products with basic sets whose fibers will be obtained by contractions followed by 
translations and superpositions, thus generating overlappings in fibers. Here by basic set for an 
endomorphism / we mean an invariant compact set A so that there exists a neighbourhood U of 
A with A = n f^{U). We prove that, when the contraction factors are all equal to i and the 
other parameters belong to some open set, we obtain a class of examples in (|15p which are far from 
having a homeomorphism-type behaviour on their basic set A. Our study will involve some new 
techniques, like the use of thickness of intersections of Cantor sets in fibers, the inverse pressure, 
and approximating the number of preimages belonging to A with continuous functions. 

We will show that our method gives Cantor sets in fibers, which are obtained as subsets of 
intersections of Cantor sets of large thickness ([3], [T], [lOj). This will guarantee the existence of 
uncountably many points having more than one preimage. We show that, still, there are uncount- 
ably many points with only one prehistory, giving thus an example where the number of prehistories 
is infinite for some points, and equal to 1 for others. 

We proved in [6j that the stable dimension, i.e the Hausdorff dimension of the stable fibers (in 
our case), is greatly influenced by the preimage counting function. We will see how this relates 
to our skew product case. We will prove also that the local unstable manifolds (in fact even the 
unstable directions) depend on prehistories and will estimate the angle between them. We can 
give also the unstable dimension by using a Bowen type equation from [3]. Our method gives a 
large class of examples of hyperbolic endomorphisms which behave differently than the hyperbolic 
diffeomorphisms, and also differently from constant-to-1 maps. 

Outline of Main Results: 

The main object of study is the skew product / defined in ([2]), and also its generalization from 
(jlSp . together with their respective locally maximal invariant set A. 

The main results of the paper are contained in Theorems [H [21 [3l [5] (and the remarks thereafter), 
and in Corollaries [U and [21 

First we will remind the notion of natural extension, hyperbolicity for non-invertible maps and 
the notions of stable dimension and unstable dimension. Then in Theorem [1] we will show, by using 
a result of [3] (see also [1]) about intersecting two Cantor sets of large thicknesses, that there exists 
a Cantor set Fx of points having several preimages/prehistories, in each fiber A^; of A; we will also 
estimate the thickness of F^. Moreover, this will give an example of a dynamical system / where 
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some points have two preimages in A, and other points with only one preimage in A. 

In Proposition[T]we will show that our skew product example is hyperbolic as an endomorphism, 
on its basic set A. 

Then in Theorem [2] we will show that the unstable directions corresponding to different prehis- 
tories in A do not coincide, and will estimate the angle between them. 

In Theorem m we give estimates of the unstable dimension by using a Bowen type equation on 
the natural extension, from [3]. And in Theorem [5] we show that the stable dimension at any point 
of A is strictly smaller than 1 by using a result about the inverse pressure from [5]; and we obtain 
estimates for the stable dimension by using approximating continuous bounds for the preimage 
counting function, based on results of [6j. Thus we obtain information on the set of points with 
more than one preimage, vis— vis the set of points having only one preimage. 

The hyperbolicity on A, the existence of Cantor sets in fibers of points with more than one 
prehistory, and the disjointness of unstable directions coresponding to different prehistories are 
shown similarly, also for the more general examples defined in (jlSp . for a suifficiently small a. This 
property of strong non-invertibility is preserved for the examples in (jlSp . for all a > small enough, 
by a type of Newhouse phenomenon, involving intersecting Cantor sets of large thickness in fibers. 

By combining Theorem and Theorem [2] we prove in Corollary [T] that there exist points in A 
with infinitely many prehistories and infinitely many different unstable manifolds. We deduce in 
Corollary [2] that for the examples in (jlSp having contraction factors equal to ^ (and the rest of their 
parameters being in an open set), there are uncountably many points with one preimage in A and 
uncountably many points with two preimages in A. We prove then in Corollaries [Hand [2] that, also 
from the point of view of Hausdorff dimension, the behaviour of this last class of examples (with 
contraction factors ^ and the other parameters in an open set), is far from that of a homeomorphism 
on A, as well as far from that of a constant-to-1 map on A. 

Also it is important to remark that our invariant set A(a) is not an attractor, but instead is 
a saddle basic set. 

2 Hyperbolic skew product endomorphisms. Unstable directions 
on the basic set. 

Hyperbolic smooth endomorphisms appear naturally in many instances when invariant sets have 
self-intersections. Several aspects of their dynamics are very different than in the case of diffeo- 
morphisms (for example [6], [11], etc.) Consider in the sequel a smooth (say C^) map / : M — > M 
on a smooth Riemannian manifold M and let A be a compact invariant set, i.e /(A) = A. So each 
point of A has at least one /-preimage in A; however it may have several /-preimages in A. 

We define now a prehistory of a point x G A, as an infinite sequence x = (x, x-i, x_2, . . .) 
of consecutive preimages, i.e /(x_i) = x,f{x_2) = x^i,..., with x_j £ A,i > 1. We take then 
the space of all these prehistories A, and consider the shift homeomorphism / : A ^ A, /(x) = 
(/(x), X, x_i, x_25 . . .),x S A. The compact space A can be made a metric space in a natural way. 
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and will be called the natural extension of the couple (A, /). One can introduce also the tangent 
bundle over A, given by := {(x,v),v G TxM},x G A. Now following [12], we define the notion 
of hyperbolicity for the endomorphism / as a continuous splitting of the tangent bundle over A 
into stable directions and unstable directions depending on prehistories. So we have a splitting 
T^M = El.® E^,x e A where Df^iE^.) C Ej^^^ and Df{Ef) C E'i^ and Df contracts uniformly 
the vectors from E^ and expands the vectors from E'~. We denote also by Dfs(x) := D/Ie^ and 
by Dfu{x) := Df\E^,x £ A. Associated to this splitting, one constructs local stable and local 
unstable manifolds of size r > for some small r, denoted by VF^*(x), W^{x), for x £ A. 

For a fixed r > small enough, we define the stable dimension at x G A, denoted by d^{x), 
as the Hausdorff dimension HD{W^{x) D A); respectively the unstable dimension at x G A, 
denoted by (5"(x), as HD{W^{x) n A). We proved in [3] that the unstable dimension is equal to the 
unique zero of the pressure function t — > (— t log \Dfu{x)\), where the pressure is considered on 
the natural extension A. However in the case of the stable dimension there is no simple general 
formula, due to the complicated foldings that may take place in A. 

Let us also define the preimage counting function d{-) associated to / on the invariant 
set A, namely d{x) := Card{/~^x n A}. It can be checked that d{-) is an upper semi-continuous 
function ([6]); it is not necessarily constant, nor continuous. This is bringing additional difficulties 
in estimating the stable dimension in the non-invertible noted in [6] or 0. 

For a small positive a, let us take now the subintervals /f,/2* C / := [0,1], of small positive 
length, with If = [61(a), 62(a)], If = [63(a), 64(a)]; assume that 62(a) < i, 62(a) is very close 
to ^, and that 63(a) is very close to 1 — a and 63(a) < 1 — a; we assume that |6i(a) — ^| and 
163(a) — (1 — a) I are both much smaller than a, say 

< max{|6i(a) - ^|, 163(a) - (1 - a)|} := e(a) < a^ (1) 

The intervals If, I2 depend on a. But may also be denoted in the sequel simply by /i, /2 when 
dependence on a is unambiguous. 

Let us take also g : If U I2 ^ I , & strictly increasing smooth map which expands both If 
and I^ to /, i.e g{If) = g{I^) = I. Assume that g'{x) > f3{a) >> l,x G U I^. From this 
dilation condition, we see that there exist subintervals Ifi,If2 C If and -^21' ^22 ^2 such that 
5(/fi) = (7(/fi) = I? and gilf^) = g^^) = I?- Let us denote by J" := If, U If^ U I^, U Ig^ and 

Jf := {x G J'', g'x eJ'',i> 0} 

When the dependence on a is clear, we may denote these sets also by J, J*, Iij,i, j = 1, 2. 

We will define now for a small a > 0, the skew product with overlaps in fibers fa '■ Jf^I^ Jfxl 

fa{x,y) = {g{x),ha{x,y)), where (2) 



X + I , X G /fi 
1 -x + |, X G Ifi 
i 2 ' -'^ ^ -'12 

2, X t ^22 
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We shall denote also the function ha{x, ■) : I ^ I hy h^^a for x £ J". From the definition of 
ha{x,y) it can be seen that for x £ J" n Ii, there are two images of intervals intersecting inside 
{x} X /, namely and hx_i^a, where x_i denotes the (7-preimage of x belonging to If, and 

x-i denotes the g-preimage of x belonging to 

We denote by 

A(«) := U n u hl^il), (3) 
where hy^^ := hj„-iy^^ o . . . o hy^ai^ > 0. For x G J" we also denote by 

Ax(a) := n U hl^[I), 

and call it the fiber of A(a) over x. It is clear that A(a) is a compact /-invariant set, but 
A(a) is not necessarily totally invariant hence the number of /o-preimages of a point from 
A(a), belonging to A(a), may vary. The sets A.[a),Kx{oi) will be denoted simply by A, Aj; when 
dependence on a is clear. 

We shall now prove that the fibers A^^ (a) ,x G J" H /i have an interesting property, namely they 
contain a Cantor set of points which have two different /a-preimages in A(a). 

Before we proceed with the Theorem, let us remind the notion of thickness of a Cantor set 
introduced by Newhouse ([9])) and studied also for example in [1], [3], [TO]. 

Consider a Cantor set K obtained as Io\ U C/„, where Un are open subintervals of Iq, called the 

n>l 

gaps of and Iq is the minimal interval containing K. Of course the gaps of K can be ordered in 
many ways, and we call such an ordering lA = (Un)n a presentation of K. For a point u £ dUn, 
let C be the connected component of Iq \ (Ui U . . . U C/„) which contains u; the component C is also 
called a bridge at u. For such a point denote by t{K,U,u) := (see [lOj), where i{C) denotes 
the length of the subinterval C. Then the thickness of K is defined by 

t{K) = sup inf t{K,1/(,u), 

where the infimum is taken over all the boundary points of finite gaps of K, and the supremum 
is taken over all different presentations of K. In fact it can be proved that the supremum in the 
definition of thickness is attained for a presentation with decreasing lengths of gaps, i.e so that 
^(Up) < i(Un) if p > n. Thickness is an important numerical invariant of a Cantor set, and it is 
preserved by an affine transformation of the interval. Newhouse showed that if Ki,K2 are Cantor 
sets with t{Ki)t(K2) > 1 and neither of them is contained in a gap of the other (i.e they are 
interleaved), then i^i n 7^ (see [9]). 

We will use below the thickness in order to prove that the fibers A^,. (defined in ([3])) contain 
"big" intersections of certain Cantor sets. 

Theorem 1. In the above setting, for all points x G J" H /i, there exists a Cantor set of points 
Fx{a) C Ax{a), so that each point from Fx{a) has two different f-preimages in A. Also if x £ 
J"nl2, it follows that there is a Cantor set Fx{a) C A^(a) such that each point of Fx{a) has more 
than one prehistory in K{a). 
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Proof. Fix a small positive a; we will work with the corresponding Ij,f,A,h for this fixed a, 
without recording their dependence on it. Prom the construction of the subintervals Iij,i,j = 1, 2, 
we see that In and I12 are close to ^, while 721,-^22 are close to 1 — a (recall that a > was taken 
very small). 

For a point x G J*, denote by x_i^i,x_i_2 the two gi-preimages of x in J*, i.e x_i^i G 7i,x_i^2 G 
h,9{x-i,i) = g{x-i,2) = X. 

At the first iteration, if a: G /i, we obtain A^(l) := hx_-^^{I) U hx_^2{^) ~ ["^jCi], with ci = 
?5i 1; indeed X-i^i G [a, c] and |a— 1| < a. If x G I2, then A^; := hx_i^^ {I)Llhx_i^2i^) = [0; 1]) 
where again x-i^i, x_i_2 are the two ^-preimages of x, one in Ii and the other in 12- 

For the second iteration, we obtain A3; (2) := /ia;_i i(-^a;_i i(l))U/ia;_i 2(^a;-i 2(1)) = [cc, C2], where 
C2 = a;_i,i + ci/2 For x G /2, we have Ax{2) := hx_i^i{Ax-i,ii^)) U /ix-i.2(Ax-i.2(l)) = 

[0, ^] U [1 — ^, 1 — §]. This is hinting already on the nature of the gaps of the fiber A^,, which 
is obtained as an intersection Aj, = PI Ax{n). There will be gaps coming from the successive 

n>l 

iterations of the gap 1 — ^). 

At the third iteration, we see that for a; G J* H /i, Ax{3) := hx_i i{Ax_j^^) U hx_i 2{Ax_j^ 2) — 
[a, C3], where C3 = + ^ and X-i^i is the (7-prcimage of x belonging to Ii, i = 1,2. And for x G 
J.nh, we have A,(3) = hx^,^, (A,_,,, (2)) U hx_,,2 (Ax_i.2 (2)) = [0, i] U [i - f , i - f ] U [1 - f , 1 - f ]. 
At this iteration, we have therefore the gaps (|, ^ — ^) and — j, 1 — ^), having lengths \ — ^ 
and ^ ~ ^ + f respectively. These lengths are very small in comparison to the lengths of their 
associated left and right bridges C. We can say that l{Uj{2))) < A{a)~^£{J), where J is one of the 
component intervals of Ax{3) and Uj{3) is one of the gaps between two consecutive subintervals J 
of Aj,(3), and where A{a) = O(^). So A{a) 00 when a \ 0. 

At the fourth iteration we see gaps forming inside Aj;(4) for x G J* PI /i as well, i.e A-r(4) 
contains several disjoint closed subintervals. For x G J* PI 7i, we have Ax{4) = hx_i li^x-i i(3)) U 
hx-iii^x-iii^))'^ so from the above calculations we obtain Ax{4:) = [x_i^i + q;/2, x_i^i + C3/2] U [1 — 
x_i,2,l-x_i,2 + |]U[l-x_i,2 + i-f ,l-x_i,2 + i-f]U[l-x_i,2 + i-f ,l-x_i,2 + i-f]. We 
see thus that there are gaps forming this time in A^(4), and that still i{J)/£{U) > A(a), for any 
component J of Ax{4:) and adjacent gap U between two consecutive Js. If x G J*n/2, then we obtain 
Ax(4) as before and we sec more gaps forming, still having the property that i{J)/i{U) > A[a) for 
any component subinterval (bridge) J and adjacent gap U. 

Assume now that at iteration n. Ax (n) = Ji (x, n) U . . . Jk(n) {x,n), where this is an ordered union 
of mutually disjoint closed subintervals, i.e the right endpoint of Jfe(x, n) is strictly less than the left 
endpoint of Jjt+i(x, n), k = 1, . . . , k{n) — 1. Denote Jfe(x, n) = [ak{x, n), Cfe(x, n)], k = 1, . . . , k{n) if 
X G /i, and Jjt(x, n) = [afe(x, n),Ck{x, n)\,k = 1, . . . , k{n) for x G l2- Then we will show that there 
must exist points from A^; as close as we want to the endpoints of each Jk{x,n). Indeed we know 
from above that there are gaps of A^^ for y G J^nl2, as close as wc want to 0. But if x G /i and x_i^2 
is its 5-preimage in I2, we have that hx_^ 2 takes Ax_^^ ^ into A^,-, so there exist points of A^ as close 
as we want to the left endpoint of J\{x,n),n > 1. Again for x G Ii, and the (7-preimage x_i^i G Ii 
of X, points z in Ax_^ ^ are taken by hx_i j into points of type x_i^i + |; if we repeat the procedure. 
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we see that there are points from as close as we want to the right endpoint of Jj!j(„)(x, n). Now 
from the fact that there are points of ^ as close as we want to the left endpoint of intervals of 
type Ji(x_i^i,n), we see that by applying gx_i i we obtain points from A^; as close as we want to 
the right endpoint of Jfc(„)(a;,n) if x G I2. 

But now by recalling that all the intervals of type Jfc(x, n) are obtained by applying repeatedly 
hy (for preimages y of x), we obtain that there are points from A3; as close as we want to each of 
the endpoints of the subintervals Jk{x,n) obtained at step n. This procedure tells us that indeed, 
we can use the subintervals Jk{x,n) as bridges in the construction of the respective Cantor set, 
since the gaps between them do not extend inside any of Jk{x,n). Thus we can use the lengths of 
the subintervals of type Jk{x,n), k = 1, . . . k{n) and the lengths of the gaps between them, in the 
calculation of the thickness of A^^. 

We also notice the following property: assume that A.x{n) = Ji(x,n) U ... U J^n){x,n) for 
X £ J^:, where these disjoint subintervals are arranged in increasing order. Then if x G J=k n /i, we 
claim that the left endpoint of Ji(x,n), i.e ai{x,n) is e-close to a where for our fixed a, e denotes 
the positive number e{a) defined in ([1]). Also if x e J=k n /2, we claim that the left endpoint of 
Ji(x,n), i.e ai(x,n) is and the right endpoint of Jfc(„)(x,n), i.e Cfc(„)(x,n) is e(a)-close to 1 — ^, 
for every n > 1. We saw this property for iterations 1 through 4, let us prove it in general by 
induction. Assume it is satisfied at step n for Aa,(n), Vx G J*. Then at step n+ 1, if x G /i we have 
Aa;(n + 1) = i(Aa;_-^^^(n))U/ia;_-^ 2(A3;_-^ 2(n)); so Ji(x,n + 1) = 1 - x_i,2 + ^ • Ji(x_i,2, n). Since 
by induction the left endpoint of Ji{x^i^2-,n) is 0, we see that the left endpoint of Ji{x,n + 1) is 
1 — x_i^2- But x_i^2 G I21 is e-close to 1 — a, hence the left endpoint of Ji(x,n + 1) is e-close to 
a. Now if X G I2, we see that the left endpoint Ji(x,n + 1) is obtained from applying y y/2 to 
the interval Ji(x_i^2i ''^)) thus it is equal to 0. And the right endpoint of Jfc(„)(x,n + 1) is obtained 
from applying the map y — > 1 — y/2 to Ji(x„i^i,n); thus the right endpoint of J^n){x,n + 1) is 
e-close to 1 — f . 

We have to see also what is happening to the subintervals that overlap in h.x{n + 1) for x G Ii. 
The overlap is between the points x_i^i + qi^^ \ _ x_i.2 + fMnili^iii^i!!:! _ However we saw 

above that ai(x_i^i,n) is e-close to a (recall that e = e(Q)); and that c^n){x-i,2-,n) is e-close to 
1 — ^ . We recall also that Ii , I2 are e-close to | and 1 — a respectively. Thus the overlap mentioned 
above is between points that are e-close to | + ^ and a + ^ — j = ^ + As for all a > small we 
have ^ + ^<^ + ^,we see that indeed we have overlaps inside Kx{n),x G J* n Ii, n > 1. Denote 
by Jint this maximal overlap at the third Iteration. Then Jint comes from applying h^^^ ^ to the 
intervals in the last half of Kx_-^ lin — 1) and from applying hx_i 2 to the intervals in the first half 
of A^. -^ 2('T' ~ !)• However we noticed that, when y £ IiCi J^:, the component intervals of Ay{n — 1) 
outside [1/2 + a/2, 1/2 + 3a/4] contain each a Cantor set, obtained successively by eliminating a 
fixed proportion of the intervals at step n — 1. Thus there exists n large enough so that, for any 
two points C £ n Jint, there exists a gap Ui in Ax_-^ ^ (n — 1) and a gap U2 in Ax_^ 2(77, — 1) 
with hx_i 1 (Ui) n 2 (^2) non-empty and situated between ( and ^. Obviously n depends on the 
distance between ^ and C- 

We saw above that there are points from A^, as close as we wish to the endpoints of the 
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subintervals Jk{x, n), k = 1, . . . , k{n) of Ax{n),n > 1. Therefore these subintervals can be used as 
bridges J and the intervals between them as gaps U, in the Cantor set construction of Ax,x E J^,. 
By induction we also see that at each step n we have 

e{Jk{x,n))/i{U) > A{a),k = l,...,k{n) 

for any subinterval Jk{x,n) of Ax{n) and any corresponding adjacent gap U of Jk{x,n) (where 
we say that U is an adjacent gap for Jk{x,n) if it is immediately at the left or at the right of 
Jk{x, n) at step n). But this ratio between a subinterval and its adjacent gap is preserved by linear 
transformations, like the ones we deal with in hx,x € J*. By overlapping two subintervals (as it 
may happen in Ax{n),x £ J* n /i), we can only increase the lengths of bridges J and decrease the 
lengths of adjacent gaps U. Thus we see by induction that at each step 

£{J)/£{U) > A(a), (4) 

for each bridge subinterval J and adjacent gap U of Ax{n). Since by applying iterations we 
cut in half the length of the gaps between the subintervals Jk{x,n),k = 1, . . . , k{n) at step n (or 
decrease them by an even larger factor), we obtain that the gaps are ordered decreasingly when 
n y oo; this presentation of A^^ will be denoted by lAgtep- And from the observation made when we 
defined the thickness of a Cantor set, we have that TiK^) = inf riAxMstep^C)- But from (HI) we 
notice that 



r(A^) > A(a),x G J* (5) 

Now let X G J* n /i; then A^; = (Aa;_i,i ) U K^^^^{Ax_^^^), where x^i^i £ g~^{x) n h 

and x__i^2 G g^^{x) n l2- It is easy to see that the two Cantor sets Si{x) := hx_^ i(^x_i i) and 
S2{x) := hx_i 2(Ax_i 2) are interleaved, i.e neither set is contained in a gap of the other. Also from 
di]) we know that r(5i(x)) > A(a) and t{S2{x)) > A(a). 

We recall that A(a) 00. Thus if ti := t{Si{x)),T2 := t{S2{x)) and a is small enough, we 

a— *0 

can check that T1T2 > 1 and in addition that (ti,T2) G B, where: 

D u ^ r| + 3T2 + l rf + Sri + l, . (1 + 2r2)2 (1 + 2ri)2 
B := {(ri,r2),ri > ^ ^ or ra > ^ ^ }n{(Ti, ra), n > ^ or T2 > 

'^2 ''"1 "^2 '^1 

Since Si{x), S2{x) are not interleaved and we do have the above conditions satisfied for A(a) 
large enough (i.e for a small enough), we obtain from [3] that there exists indeed a Cantor set Fx 
in Si{x) n 5*2 (x). Moreover from [T] (page 882), it follows that we have: 



riFx) > Vmin{r(5i(x)),T(S2(x))} > VA(q)) 

Prom the definition of the sets Si{x), 5*2 (x) we see that for every x G /i n J=k, each point from 
the set Fx has two different /-preimages belonging to A. 

Now if X G J* n I2, there exists a 5-preimage G /i of x and then in the fiber A^_j ^ there 

must exist a Cantor set Fx_^ ^ of points having two distinct /-preimages in A. So we obtain that 
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there exists a Cantor set Fx := hx_i i(Aa;_^ ^) of points with two different /^-preimages in A. The 
Theorem is then proved. 

□ 

In fact we will prove in Corollary [1] that there are points with infinitely many prehistories in 
A. Let us prove now the hyperbolicity of / as an endomorphism on the basic set A. We will show 
that this set is of saddle type, i.e / has both stable and unstable directions on it. 

Although it may appear at a first sight that / is expanding horizontally, the calculation on 
derivatives shows this to be false. Indeed we have the derivative of /, 



Df{x,y) 



g'ix) 
dxh{x,y) dyh{x,y) 



so the horizontal line {((^,0),C € M, G M} is not invariated by Df, and thus 



where dxh{x,y) represents the partial derivative of h with respect to x at the point {x,y). Thus 

for a vector u) = (0, i;) G M x R, we get Df{x,y) ■ id = i ) , so the vector space 

\^ dyh{x,y)v J 

{(0, G M X M} is invariant and Df is contracting on vertical lines; these vertical lines represent 
therefore the stable tangent subspaces. 

However if we consider the horizontal vector w = (Ci 0) G M x M, then Df{x, y) ■ w = 
( 9'ix).C 
y dxh{x,y) ■ C 
the unstable spaces do not have to be equal to this line. 

To prove the hyperbolicity of the non-invertible map / on A and to construct its unstable spaces, 
we use a generalization of a theorem of Newhouse (|8J) to this endomorphism case. 

Let / : M — > M be a smooth, not necessarily invertible map and suppose that A is a compact 
/-invariant set in M. Assume that there exists a field of cones in the tangent space, C = {C'ij^gyv, 
so that the dimension of the core linear space of is constant on A; but the cone field C is 
not necessarily assumed to be Z)/-invariant. Let us say that a function / is expanding and 
co-expanding on the cone field C, if given the notations: 

v&Cs,Vy^O \v\ ' f^C'/i \v\ 

we have that inf mc^zif) > Ij and inf m^, -(/) > 1. 

Theorem (Newhouse). In the above setting, assume that there exists an integer N > 1 such that 
is expanding and co-expanding on C; then it follows that f is hyperbolic on A. 

The proof is similar to the one given in [8] . We can prove consequently the following result of 
hyperbolicity for our skew product: 

Proposition 1. In the above setting, i.e with g : J.^ ^ J.^ expanding and h : I^, x I ^ J^, x I 
contracting in the second coordinate over the invariant set A defined above, we have that f{x,y) = 
{g{x), h{x,y)) is uniformly hyperbolic as an endomorphism on A. 
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Proof. Let a continuous positive function 7 defined on A, and the cone Cf := {{v,w) G M.'^, \w\ < 
7(2) • |f|},2; = {x,y) G A, i S A. The dimension of the core real hnear space of this cone is 1. Our 
cone field will be then = {C^}^^\ and we do not know a priori whether it is /-invariant. We 

. So in order to have an /-expanding field of cones, 

dxh{z) ■ V + dyh{z) ■ w J 

it is enough to take 

\g'{x)\^>l + -/\z),z£A 
If we assume > (3 > 1, x £ X , then it would be enough to have 



< 7(z) < - 1, or, < 7(z) < ^/(3^^ - 1, (6) 

where the second inequality is needed if we work with instead of /. So in this last case, is 
expanding on the cone field C". 

Now we estimate the co-expansion coefficient. If > 1 is an integer and if {v, w) ^ C'^m" then 
I'^l > l{j ^) ■ bl- Denote also f^z = {g^ (x), h{f^~^x, hN-i{x,y))), where /iat-i is given by: 
fN-i^ = (5^-i(x),/ijv-i(x,y)),z = {x,y) e A. So 



dxhN{x,y) = dxh{f^~^x,hN~iix,y)) ■ d^g^'^ix) + dyh{f^~^x,hN-i{x,y)) ■ dxhN-i{x,y) = 
= dxh{f^'^x,hN-i{x,y)) ■d^g^'^ix) + dyh{f^'^x, hN-i{x,y)) ■ dxh{f^~'^x, hN-2{x,y)) ■ d^g^' 
dyh{f^~^x,hN-i{x,y)) ■ dyh{f^~'^x, hN-2{x,y)) ■ dxhN-2{x,y) 

(7) 

Denote hy K := sup \dxh\ and K' := K ■ where 6 G (0, 1) is a contraction factor, such 

that \dyh\ < < 1 on A. Therefore by induction in ^ we have: 

\a,h,i(x,y)\ < A'. |(9"-')'i| + iA'. + < K' ■ \(g"-^)'x\ (8) 

But ( ) = ( ). 



Hence I ^ 1 " ^ V ^ W^Wi^) ) + w^^^) V ~ Wm^y^KFWV ' 

any > 1. But then since \dxhN{z)\ < K' ■ \ {g^~^y{x)\, and K' depends only on g, h, there must 

2K'-—^_ 



exist A^ sufficiently large such that 



< — ^^.^ < i, if we take the map 7(-) to be 



constant on A and close to (3"^^ — 1 (although smaller than /3'^^ — 1). So: 



2 



But we had > ^{f z) ■ \v\, hence: 
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for N sufficiently large, since 7(-) is bounded on A. Hence inf m^u zif ) > ^ some large 

integer A^. So is both expanding and co-expanding on the cone field over A, so the map / 
is hyperbolic according to the previous result. The unstable space corresponding to the arbitrary 
prehistory z G A is obtained then as = D Df"^^{C^_ J. 

n>0 / 

□ 

We will show now that there correspond different unstable tangent directions ^ E'~,, to two 
different prehistories of z, z, z' E A. 

Theorem 2. Let the skew product f : J^, x I ^ J^.. x I defined above in Then if z and z' 
are two different prehistories of z from A, it follows that E^ ^ E^,; in particular the local unstable 
manifolds W^{z),W^{z') are not tangent to each other. 

Proof. Let the point z = (x, y) G A^;, x S J*. For a tangent vector , w) we have 

\ w J y dxh{z) ■ V + dyh{z) ■ w J 

Assume that the unstable tangent space corresponding to the prehistory z G A is given by 

E^ := {{v,uj{z) ■v),v £R},z £ A, (10) 

where is a bounded function on A, since the unstable spaces must be transversal to the stable 
(vertical) ones. Thus from the above formula, we obtain 



Dfz 



V \ _ f g'{x) ■ V 

w I \ dxh{z) ■ V + dyh{z) ■ u!{z)v 



Now we know from the construction of unstable spaces on A as intersections of iterates of 
unstable cones (Proposition [U that Df^iE^) C E^^^. Therefore d^z) + dyh{z) ■ u;{z) = u;{fz) • 
g'{x),z £ A. So if z_i denotes an /-preimage of z belonging to A and denotes an g-preimage 
of X belonging to J=k, we obtain the following recurrence formula for u;(-): 

^(/^) = -l^dMz) + -i^dyhiz) ■ ioiz) (11) 
g [X) g [X) 

By iterating (jlip and by recalling that is a bounded function on A (since the stable and 
unstable directions must be transversal to each other), we obtain: 

u^ifz) = ^f.Hz) + . dyh{z){-^^ . dMz-i) + • dyhiz.,) . u^iz.,)) 

= + g'ix)g'{x^,f y^^'^^^^^'-'^ + g'ixWix^.f y^^'^^y^^'-'^'^^'-'^ (12) 

1 oo ^ 

= ■ • • = Ti^f""^^'^ + § g'{x).....g'{x.,) • 9Mz-i)dyh{z.,^,) . . . dyh{z) 
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Now if z' = (z, z'_i, z'_2, . . .) is another prehistory of z from A, say with z'_^ ^ we have 
from above that 

1 oo ^ 

^^^'^ = u ' ^ ^^Hz'-i) + Y] K I . TT-r^ ■ 9xHz'_i)dyh{zii^-^) . . . dyh{z'_i) 

Therefore 

^ A d^hjz^i) ■ dyh{z^i+i) ■ ■ ■ dyhjz^i) d^K^'-j) ■ dyhjzi^^-^) . . . dyhjzL^) '^ ^"^^^ 

Let us assume that 

> g'{x) > (3 » l,x e J^, 

for some large /3 which depends on a; this holds since the map g expands the small intervals Ii, I2 
to the whole / = [0, 1], and g was assumed increasing. 

We assume that \dyh\ < (5 < 1 on A. Now the expression in the straight brackets in ()13p . is less 
than -^{l + I + ...) = -Jj • ^ < if /3 is large enough. 

But if z-i, z'_i are different preimages of z, it follows that we must have z_i G Ax_j^ and z'_i £ 
A^' ^ for two different g-preimages of x, say x-i € /i and x'_i G l2- Then we have dxh{z-i) = 1 
and dxh{z'_i) = —1. Therefore we have that 

Hence from the above estimate of the expression in the straight brackets of (I13p . we see that 
for two prehistories 1, i' G A of 2; with z-i / z'_^, we obtain: 

7 

In general, let z, z' two different prehistories of z from A. Then there exists m > 1 so that 
Z-m / z'_jn and Z-i = z'_^ for i = 0, . . . , m — 1 (where as always we denote z = zq). Then similarly 
as above we obtain that 

0.7 

where we recall that (3 = f3{a). Clearly if E"^ 7^ E^, for two different prehistories of z then also the 
corresponding local unstable manifolds W'^{z),W'^[z') are different, and they are not tangent to 
each other. 

□ 

We estimated thus in the previous Theorem the angle between unstable directions corresponding 
to different prehistories of the same point, by using the dilation factor (5 oi g : IiU I2 ^ I ■ 

We will give now a generalization of example ([2]) to a family which is nonlinear in x and linear 
in y, with fiber contraction factors possibly different from ^. 



K^)--(^')I>T3;^, (14) 
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First let us fix a small positive a. Then take the subintervals Ii , I2 C I = [0, 1] so that /f is 
contained in — e(a), ^ + e(a)] and is contained in [1 — a — e(a), 1 — a + e{a)], for some small 
e(a) < a^. We take then a strictly increasing smooth map g : U ^ / with > (7'(x) > j3 » 
1, X G /f U If, and define the subintervals If^ C If such that g{Ifj) = = 1, 2. As in we 

define the set Jf as the set of points from U I2 whose iterates remain in the same set. Now 
consider the skew product fa-J^xI^J!^xI, 



faix,y) = {g{x),ha{x,y)), with (15) 
ha{x,y) = 



tp2,a{x) + S2,ay, X £ I^^ 
■84, X G /^2' 



where for some small eq, we take si^a, S2,a, ■ss,^, 54^^ to be positive numbers, eo-close to ^, ^, |, | 
respectively; and ipi,a{-),'>p2,a{-),'>p3,a{-) are smooth (say C^) functions on / which are eo-close in 
the C^-metric, to the linear functions x^x,x^l — x and x — > 1, respectively. 

By l^i — 5210^ W6 shall denote the distance in the C^(/)-metric between two smooth functions 
on I, gi and (72- 

We shall denote also the function ha{x,-) : / ^ / by h^^ai-), for x G J". Again when a is 
unambiguous and fixed, we will not record the dependence on a (but will keep it in mind). 

Theorem 3. There exists a function ^){a) > defined for all positive small enough numbers a, 
with t?(a) and such that, if f is an arbitrary map defined in [T5\) whose parameters satisfy: 

max||V'i(x) - x\ci,\'4'2{x) - 1 + xj^i , 1^^3(3;) - l|ci> l^i - l'S2 - ^1, |s3 - ^1, \s4 - ^|| < -^{a) 

(16) 

then we obtain: 

a) For X G J* Pi /i, there exists a Cantor set C Ax, s. t every point of F^ has two different 
f-preimages in A. And if x £ J* H I2, then there exists a Cantor set Fx <Z Ax s. t every point of 
Fx has two different f'^ -preimages in A. 

b) f is hyperbolic on A. 

c) If z,z' G A are two different prehistories of an arbitrary point z £ A, then 7^ E"^,. We 
have the same estimate for the angle between Ef and E^, as in ([T^. 

Proof. The proof uses basically the same ideas as in Theorem [H Proposition [1] and Theorem [21 
with certain modifications. 

a) Ii, I2 are e(a)-close to ^,1 — a. We assumed in the definition p5]) . that e(a) < << 1. Like 
in the proof of Theorem[Tl the set Ax{n) is formed by k{n) disjoint subintervals Ji(x, n), . . . , Jfc(„)(x, n) 
arranged in an increasing order; assume also that for x G J* n /i, Jfc(x, n) = [ak{x, n), Cfc(x, n)],k = 
l,...,k{n) and for X G J^: Ci I2, Jk{x,n) = [dk{x,n),Ck{x,n)],k = l,...,k{n). Also for a point 
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a; E J=K, there exist two (7-preimages of x in J*, which will be denoted by x^i^i (for the ^(-preimage 
of X from Ii), and (for the gf-preimage of x belonging to 12). 

Then by induction we see that di{x, n) = for all n > 1 and x £ J^, D l2- This implies that for 
all X G J* n/i,n > 1, we have ai(x,n) = 2 ('^i(^-i,2; — 1)) = ^a;_i2(0)- Therefore we obtain 
that ai(x,n) is a^-close to V'2(l — a) if x G J* n Ji. This implies also that the right most endpoint 
of Ay{n),y e /2 n J^, namely Cfc(n)(2/, is a^-close to ipsi^) - 53^^2(1 - «)• 

We see now that the right endpoint of Jfc(„)(x,n),x S /i n J*, namely Cfc(„)(x,n) is a^-close 
to + siCfc(„_i)(x_i^i, n — 1). Thus we see that Cfc(„)(x,n) c(x,oo) when n — > 00 and that 

c(x, 00) is a^-close to V'i(|)(l + si + sf + . . .) = It follows as in Theorem [T] that we do have 

points of Ax as close as we want to Cfc(„)(x,n) for n > 1; hence there are points of A^^ as close as 
we want to c(x, 00) when x G J* n /i. 

Now if ai(x,n) is e(a)-close to V'2(l — a) for x G /i H J=k, it follows from construction that 
C;;(„)(x',n) is e(a)-close to ipsi^) — S3'i/'2(1 — «) if x' £ I2 H J^. Recall also that e(a) < . 
Again, since there are points of A^; as close as we want to ai(x,n) when x G /i n J=k, we see 
that ai(x,n) = /ia;_j2(0) G A^^; thus there exist points of Ax' as close as we want to Cfc(„)(x,n) = 
■^3(1) - •sa • ai{x'_i^i,n) for x' G /2 n J*. 

Now for an iteration of order n > 3, we will want to have the two phenomena which gave 
the fractal structure of A^; in Theorem [TJ The first desired phenomenon is the overlapping in 
Aa;,x G /i n J*, of the first intervals of /ix_i,i(Ax_i_i) (i-e subintervals Jk{x,n), k < m{n) for some 
m{n)), with the last intervals of hx_i 2 i^x-i 2) (i-^ with the subintervals of type Jfc(x, n), k > p{n)). 
And the second desired phenomenon is the appearance of a gap of length comparable to a, in A^;, x G 
I2 n J*, between 2 (cA;{n-i) (2^-1,2; — 1)) and /i^^^^ ^ (c(x_i^i, 00)). We use c(x_i^i,cxd) since 
Cfc(„)(x_i^i, n) y c(x_i^i,oo) and there are points from Aa;_-^_^ as close as we want to c(x_i^i, cxd); 

n— >oo 

thus the gap in A^. is bounded above by hx_j^ -i^{c{x-i^i,oo)). 
Therefore our two conditions are satisfied if: 

V'i(^) + Si ■ V'2(l - a) < '02(1 - a) + S2- [ip3{^) - S3'ip2{^ - a)], and (17) 

f < M^) - S3 ■ - ^4 • ml) - S3MI -a)]<a (18) 

As we can see these two conditions are verified if there exists a sufficiently small ^{a) > 0, s. t 

\si - ^1 < 'd{a),i = 1, ... ,4 and max{|V'i(x) - x\ci,\ip2(.x) - 1 + x\ci,\ip3{x) - l|ci} < ^^(a) (19) 

It is clear that '!9(a) 0. If '&{a) is small enough, then the thickness of the fibers A^; remains 
larger than A(a). This permits for every x G /i H J*, to have an intersection between the images 
hx-i i(^a:_i 1) and hx_^ 2(-^2^-i 2) inside A^.. Thus we obtain a Cantor set Fx C A^^ s.t every point 
of Fx has two different /-preimages inside A. We obtain again that 

t{Fx) > ^A(a),x G /i n J,, 

where A(a) = 0{^),a > 0. 
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b) The hyperbolicity follows in the same way as in Proposition [H if the inequalities in ()19p are 
satisfied and '!?(a) is small enough. 

c) The disjointness of unstable directions corresponding to different prehistories of the same 
point follows as in the proof of Theorem [2l since the derivatives of V'i;'02 are t?(a)-close to 1, 
respectively —1. And similarly we obtain the same estimates (jl4|) for the angle between two unstable 
directions E'^ and corresponding to two different prehistories of the same point z £ A; we recall 
also that /? depends on a, in ([H]). 

□ 

Let us study now the unstable, respectively stable dimension on A; from this study we shall 
obtain further information about the preimage counting function on A. We will see more argu- 
ments towards the idea that the skew products defined in (llSp are far from being homeomorphisms 
on their respective basic set A, and also far from being 2-to-l on A. 

First we have the following result about the unstable dimension: 

Theorem 4. For a small fixed a > 0, let the function / : A ^ A defined in l[15\) . Then the unstable 
dimension (5"(z) = t",Vz G A, where is the unique zero of the pressure function t (t^^), 
and where <l*"(y) := — log \Dfu{y)\,y £ A. Consequently ifg'{x) > (3{a) >> 1 on J*, we have 

< G A 

log^ 

Proof. The first part of the Theorem follows from [3] since the unstable manifolds in our case are 
1-dimensional (hence conformal). So 6^{z) = t", for all z G A. We notice that is the zero of a 
pressure function calculated on the natural extension A. 

Now, from the proof of Theorem[3]we know that uj{z) < z £ A. Hence \Dfu{z)\ > z G 
A so ^>«(z) < - log z G A. 

Also it is easy to see that htop{f\A) = log 2 since the Bowen balls of / are given mainly by the 
expansion of g in the horizontal direction, and g\j^ is conjugated to cr2 on the one-sided Bernoulli 
shift $]+. Therefore = < -r log ^ -Flog 2 and we obtain = < j;^^^^- □ 

Now we want to estimate the stable dimension over A; by contrast to Theorem H] or to the 
diffeomophism case, we do not know here that 5^{z) is constant when z ranges in A. 

Recall that we denoted by d(-) the preimage counting function for / on A, defined by d{z) := 
Cardjz' G A,f{z') = z},z G A. One major difficulty is that d{-) is not necessarily continuous 
on A, and not necessarily constant. So the expression P{t^'^ — logd) does not make sense, since 
pressure was defined for continuous maps. We will overcome this obstacle in 2 different ways. The 
first one will be by using a notion of inverse pressure (see [7j). For a continuous non-invertible 
map f : X ^ X on a, compact metric space X, the inverse pressure Pj^ {') is a functional defined 
by using consecutive preimages of points (rather than forward iterates like for usual pressure). It 
is useful in the case of estimating the stable dimension of endomorphisms that are not necessarily 
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constant-to-1 ([5], [7]). For the negative function we proved that there exists a unique zero 
of the function t — > and that in our case 

S%z) <tj,z £ A 

The second way is by using continuous upper bounds ri{-) for the preimage counting function 
d{-), and then to employ the unique zero of the function t P(t^^ — logrj). 

Theorem 5. Let a sufficiently small a > and a function f defined as in U5\} for the chosen a, 
and assume that the parameters of f satisfy condition il6\) . 

a) Then the stable dimension 6^{z) <t^<l, for any point z G A. 

b) If r]{-) is a continuous function on A such that d{z) < ri{z),z £ A, it follows that 5^{z) > 
t^, z £ A, where t^^i is the unique zero of the function t P(t^^ — logrj). 

Proof, a) We take a fixed small enough a > 0; this will imply that 'd(a) is also small enough such 
that Theorem [3] works. 

We can apply the estimate for the stable dimension from [S], since from Theorem [H an arbitrary 
fiber Ax does not contain intervals. So no local stable manifold is contained in A, thus A is not a 
local repellor. We proved in Theorem 1 from [5j that S^{z) < tj, where tj is the unique zero of the 
inverse pressure function t P~{t^^). We showed also that tj<l (adapted to our case), as / is 
conformal on vertical fibers, hyperbolic on A and does not have critical points in A. 

b) It follows immediately from [6] since our map / is conformal on stable manifolds and does 
not have critical points in A. 

□ 

Remarks: 1) This Theorem shows that, when the fiber contraction factors si, S2, S3, S4 are all 
equal to ^, /|a is far from being a homeomorphism (from the point of view of stable dimension), 
for all choices of parameters = 1,2,3, that satisfy condition ()16p . Indeed if S^{z) were the 
zero tg of the pressure t — > P{t^^), then since = — log 2 on A, we would obtain t^ = 1. But 
we saw in Theorem [5] that S^{z) < l,z G A. Hence when the contraction on fibers is identically | 
and the other parameters of / belong to some specified open set, we do not have a formula for the 
stable dimension like in [2]. 

2) Also we notice above that /|a is not 2-to-l either. Indeed assume that the parameters 
Si,ipj,i = 1, . . . , 4, j = 1,2 satisfy (jl6p and a is small enough and let the function / given by these 
parameters in (jlSp (we do not record now the dependence of / on a, but are keeping it in mind). 
Then from Theorem [3l we know that / is hyperbolic as an endomorphism on A. in that case, from 
[7] it follows that for all z £ A, 5^{z) would be equal to the unique zero t| of t ^ P(t^^ — log 2). 
But since htop{f\A) = log 2, it would follow that t| = 0. On the other hand we know from the proof 
of Theorem [1] that there are points ze Ax with (5^(z) = HD{A^) > ^" ^^ > 0. We obtained 

a contradiction, hence /|a is not 2-to-l, □ 
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In fact if Sj = 2) ^ = li • • • , 4 in the definition (jlSp and if there were only at most m prehistories 
in A for each point of A then the stable dimension would still be equal to the zero ts of the pressure 
t — > this follows from [7J. Therefore there must exist a point G A with more than m 

prehistories, for any integer m > 1. But then we obtain a sequence of points {zm)m in A each one 
with more than m prehistories in A. They must accumulate to some point z € A which will have 
therefore infinitely many prehistories in A. By employing also Theorem [2l we have proved thus: 

Corollary 1. Let a small a > and a function f as in I115\) . and assume that Sj = ^,i = l,...,4 
and that the parameters = 1,...,3 satisfy il6\). Then there exists a point z G A having 

infinitely many different prehistories in A, and thus infinitely many different unstable directions 
El 

We prove now that our examples are both far from having a homeomorphism-type behaviour, 
and also far from the const ant-to-1 maps of 



Corollary 2. Let a small a > and a function f defined as in I115\) . s. t the parameters Si^tpjji = 
1, . . . , 4, J = 1, . . . , 3 of f satisfy il6\). Write A as the union Vi U V2, where Vi is defined as the 
set of points having only one f -preimage inside A and V2 is the set of points having exactly two 
f -preimages in A. 

a) Then 5'^(z) G (- — '"^^^ — ■:,l),z G A. So if a tends to 0, then the stable dimension at an 
arbitrary point of A may be made as close as we want to 1, but always strictly smaller than 1. 

b) Vi is an open uncountable set in A, and V2 is a closed set in A. 

c) Assume moreover that in the definition U5\) of f , the contraction factors Si,i = 1, . . . ,4 are 
all equal to ^. Then V2 is uncountable as well. 

Proof, a) We apply a result of Palis and Takens ( [1^ ) giving an estimate for the Hausdorff dimen- 
sion of a Cantor set K in the line, as follows: 

HD{K)> 



log(2 + 



We showed in Theorem [3] that we have t{Ax) > A (a); and as in the proof of Theorem [H 
A (a) — > 00. Hence combining also with Theorem [5l we obtain the estimates. 

b) We recall that d[z) was defined as the number of /-preimages of z belonging to A. 

We can partition now A into two subsets, Vi := {z G A, d{z) = 1} and V2 ■= {z G A, d{z) = 2}. 
It can be seen easily that Vi is open and V2 is closed, since d{-) is upper semi-continuous. We 
remark that Vi, V2 are not necessarily /-invariant. 

If Vi would be countable, then we can approximate any point from A by points from V2; given an 
arbitrary n > 1, we can even approximate any point z G A with points w such that w £ V2 and all 
its preimages of order less than n are also in V2; i. e if W-i G A n f~^w, then w-i £ V2,i < n. This 
makes the proof of Theorem 3.1 of [7] to work (holomorphicity in that Theorem is not essential); 
all that is important is that / be conformal on stable manifolds, and this is satisfied in our case as 
the stable manifolds are 1-dimensional. 
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Hence it would follow that S^{z) = t|, where is the unique zero of the pressure t — > P{t^^ — 
log 2). Now htop{f\\) = log 2, since the expansion takes place mainly in the horizontal direction 
and since g\j^ is topologically conjugate to cj2 on the one-sided Bernoulli space S^. Thus it follows 
that t| = 0. 

However we saw in part a) that HD{Ax) > ^^^^^^ ^ i — y > 0. So we cannot have HD(Ax) = 
and we obtain a contradiction. Therefore Vi is uncountable. 

c) Now assume that all the contraction factors of / on fibers are equal to ^. Let us suppose 
also that V2 is countable. Then as above, for any n > 1 we can approximate any point of A 
with points having only one preimage of order n and the proof of Theorem 3.1 from [7] gives that 
S^{z) = t^,z £ A, where is the unique zero of the pressure function t — > P(t<I>^). But since in our 
case = — log 2 on A, we obtain = 1. But from Theorem [5l < 1, thus a contradiction. In 
conclusion V2 is uncountable as well. □ 
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